Dynamical models of prototype gravastars are constructed and studied. The models are the Visser-Wiltshire three-layer gravastars, in which an infinitely thin spherical shell of a perfect fluid with the equation of state p = (1 − γ)σ divides the whole spacetime into two regions, where the internal region is de Sitter, and the external is Schwarzschild. When γ < 1 and Λ = 0, it is found that in some cases the models represent stable gravastars, and in some cases they represent "bounded excursion" stable gravastars, where the thin shell is oscillating between two finite radii, while in some other cases they collapse until the formation of black holes. However, when γ ≥ 1, even with Λ = 0, only black holes are found. In the phase space, the region for both stable gravastars and "bounded excursion" gravastars is very small in comparison to that of black holes, although it is not completely empty.
I. INTRODUCTION
As alternatives to black holes, gravastars have received some attention recently [1] , partially due to the tight connection between the cosmological constant and a currently accelerating universe [2] , although very strict observational constraints on the existence of such stars may exist [3] . In the original model of Mazur and Mottola (MM) [4] , gravastars consist of five layers: an internal core 0 < r < r 1 , described by the de Sitter universe, an intermediate thin layer of stiff fluid r 1 < r < r 2 , and an external region r > r 2 , described by the Schwarzschild solution,
where the function f (r) is given by f (r) = 1 − 2M/r, in the units where c = 1 = G.
In addition, in such a setup, two infinitely thin shells also appear, respectively, on the hypersurfaces r = r 1 and r = r 2 . By properly choosing the free parameters involved, one can show that the two shells can have only tensions but with opposite signs [4] . Visser and Wiltshire (VW) argued that such five-layer models can be simplified to three-layer ones where an overdot denotes the derivative with respect to the proper time τ of the thin shell.
Therefore, in the region r > a(τ ) the spacetime is locally Schwarzschild, while in the region r < a(τ ) it is locally de Sitter. These two different regions are connected through a dynamical infinitely thin shell located at r = a(τ ) to form a new spacetime of gravastar.
Two different types of stable gravastars are identified by VW, stable gravastars and "bounded excursion" gravastars.
Stable gravastars: In this case, there must exist a radius a 0 such that
where a prime denotes the ordinary differentiation with respect to the indicated argument.
If and only if there exists such an a 0 for which the above conditions are satisfied, the model is said to be stable. Among other things, VW found that there are many equations of state for which the gravastar configurations are stable, while others are not [5] . Carter studied the same problem and found new equations of state for which the gravastar is stable [6] , while De Benedictis et al [7] and Chirenti and Rezzolla [8] investigated the stability of the original model of Mazur and Mottola against axial-perturbations, and found that gravastars are stable to these perturbations. Chirenti and Rezzolla also showed that their quasi-normal modes differ from those of a black hole of the same mass, and thus can be used to discern a gravastar from a black hole. Early work on dynamical thin shells with de Sitter interior and (A)dS-RN exterior can be found in [9] .
"Bounded excursion" gravastars: As VW noticed, there is a less stringent notion of stability, the so-called "bounded excursion" models, in which there exist two radii a 1 and a 2 such that
with V (a) < 0 for a ∈ (a 1 , a 2 ), where a 2 > a 1 .
Lately, we studied this type of gravastars [10] , and found that, among other things, such configurations can indeed be constructed, although the region for the formation of this type of gravastars is very small in comparison to that of black holes.
In this paper, we generalize our previous work [10] to the case where the equation of state of the infinitely thin shell is given by p = (1 − γ)σ with γ being a constant. When γ = 0 it reduces to the case we studied in [10] . We shall first construct three-layer dynamical models, in analogy to the VW models, and then show both stable gravastars of the both types and black holes exist for γ < 1 and Λ = 0. However, when γ ≥ 1 even with Λ = 0, only black holes are found. In the phase space, the region of gravastars and the one of black holes are non-zero, although the former is much smaller than the latter. The rest of the paper is organized as follows: In Sec. II we shall study various cases, in which all the possibilities of forming black holes, gravastars, de Sitter, and Minkowski spacetime exist. In Sec. III we present our main conclusions.
II. FORMATION OF GRAVASTARS AND BLACK HOLES FROM GRAVITATIONAL COLLAPSE OF PROTOTYPE GRAVASTARS
For spacetimes given by,
Lake found that the Israel's junction conditions yield two independent equations [11] ,
where M ≡ 4πa 2 σ, σ denotes the energy density of the shell, and p its pressure. In this work, we shall consider the case where inside the shell the spacetime is de Sitter, and outside it is Schwarzschild, namely 4) as that studied in [10] . The only difference is the equation of state of the thin shell, where in the present paper we consider a more general case in which it is taken as, 5) with γ being a constant. When γ = 0 it reduces to the special case studied in [10] . Since
we find
Then, from (2.3) we findσ 8) which has the general solution,
where
we find that Eq.(2.2) can be cast in the form,
0 τ ), and
(2.13) Therefore, for any given constants m, L and γ, Eq.(2.12) uniquely determines the collapse of the prototype gravastar. Depending on the initial value R 0 , the collapse can form either a black hole, or gravastar, or a Minkowski, or a de Sitter space. In the last case, the thin shell first collapses to a finite non-zero minimal radius and then expands to infinity. To guarantee that initially the spacetime does not have any kind of horizons, cosmological or event, we must restrict R 0 to the range,
correspondingly a 0 ∈ (2M, l). When m = 0 = Λ, the thin shell disappears, and the whole spacetime is Minkowski. So, in the following we shall not consider this case.
From Eq.(2.13), we find that
As both equations, V = 0 and ∂V (R, m, L, γ)/∂R = 0, are quadratic in m, we can easily find m from these two equations, which is given by
Substituting this expression in V = 0 we find six functions L(R, γ). Due to the complexity of these expressions we shall not give them here explicitly. Instead, in the following we consider some particular cases.
In this case, the spacetime outside the thin shell is flat, and the mass of the shell completely screens the mass of the internal de Sitter spacetime. From Eq.(2.13) we find that
which has real solution only for γ < 3/2 or γ ≥ 5/2, and the corresponding solution is given by
Substituting the above expression into the equation V (R) = 0, we find
(2.20)
Figs. 1 and 2, and Table I is strictly negative as shown in Fig. 3 . Thus, if the star starts to collapse at R = R 0 , it will collapse continuously until R = 0, whereby a Minkowski spacetime is formed. When L = L c , since R 0 < L c , we can see that, the star will collapse until the center and turns the whole spacetime into a Minkowski. For L > L c , the potential V (R) is positive between R 1 and R 2 , where R 1,2 are the two real roots of the equation
In this case, if the star starts to collapse with R 0 < R 1 , as can be seen from Fig. 3 , it will collapse to R = 0 whereby a Minkowski spacetime is finally formed. If it starts to collapse with R 0 > R 2 , it will first collapse to R = R 2 and then starts to expand until R = ∞, and the whole spacetime is finally de Sitter.
It should be noted that in this case we always have V ′′ (R c , L c , γ) < 0, that is, no stable stars exist. In this case, Eq.(2.13) reduces to from which we find that the equations V (R) = 0 and V ′ (R) = 0 have the explicit solutions, will stop collapsing and remains there for ever. However, in this case this point is unstable and any small perturbations will lead the star either to expand for ever and leave behind a flat spacetime, or to collapse until R = 0, whereby a Schwarzschild black hole is finally formed. On the other hand, if the star begins to collapse with 2m c < R 0 < R c as shown in Figs. 6 and 7, the star will collapse until a black hole is formed. For m < m c , the potentials V (R) for each case have a positive maximal, and the equation V (R, m < m c ) = 0 has two positive roots R 1,2 with R 2 > R 1 > 0. There are two possibilities here, depending on the choice of the initial radius R 0 . If R 0 > R 2 , the star will first collapse to its minimal radius R = R 2 and then expand to infinity, whereby a Minkowski spacetime is finally formed. If 2m < R 0 < R 1 , the star will collapse continuously until R = 0, and a black hole will be finally formed.
It should be noted that, similar to the last case, now we always have V ′′ (R c , m c , γ) < 0, which means that no stable stars exist in this case, too.
C. m = 0 and Λ = 0
As mentioned before, the analytic expression for L c in the present case are too complicated to write out here. Instead, we shall study it numerically. Our main strategy is to start with m c obtained for the case Λ = 0, and then gradually turn on Λ. We plot the potential in Table III , is obtained numerically when a stable gravastar is found for a specific pair (m c , γ).
It can be shown that both types of gravastars can be formed for γ ∈ [0, 1). But for γ ≥ 1, we find that for any given values of L and m only black holes can be formed , for example, In the cases where we can have the two types of stable gravastars, it is also possible to find configurations where black holes are formed. This shows clearly that, even gravastars indeed exist, they do not exclude the existence of black holes.
III. CONCLUSIONS
In this paper, we have generalized our previous work on the problem of stable gravastars by constructing dynamical three-layer VW models [5] , which consists of an internal de Sitter space, a dynamical infinitely thin shell of a perfect fluid with the equation of state p = (1 − γ)σ, and an external Schwarzschild spacetime. We have shown explicitly that the final output can be a black hole, a "bounded excursion" gravastar, a stable gravastar, a Minkowski, or a de Sitter spacetime, depending on the total mass m of the system, the cosmological constant Λ, and the initial position R 0 of the dynamical thin shell. All these possibilities have non-zero measurements in the phase space of m, Λ( = 0), γ(< 1) and R 0 , although the region of gravastars is very small in comparison with that of black holes. When 
